We consider quasi-stationary (travelling wave type) solutions to a general nonlinear reaction-convection-diffusion equation with arbitrary, autonomous coefficients. iting values of the model parameters. The models correspond to some specific, power law type choices of the reaction and convection functions, respectively. The travelling wave solutions of these two classes of differential equations are investigated in detail by using both numerical and semi-analytical methods.
I. INTRODUCTION
Reaction-convection-diffusion equations, representing, from a mathematical point of view, a particular class of second order non-linear partial differential equations, play a very important role in many areas of physics, chemistry, engineering and biology. Different phenomena, such as heat transfer, combustion, reaction chemistry, fluid dynamics, plasma physics, soil-moisture, foam drainage, crystal growth, biological population genetics, cellular ecology, neurology, synergy etc. can be described mathematically by using reaction -diffusion equations 1 -6 . A classic example of a reaction -diffusion equations is the Fisher-Kolmogorov-Petrovskii-Piscunov equation (Fisher-Kolmogorov for short) 7 -9 ,
which is the archetypical deterministic model for the spread of an advantageous gene in a population of diploid individuals living in a one-dimensional habitat 10 . The NewellWhitehead equation or amplitude equation 11, 12 , ∂u(t, x) ∂t = ∂ 2 u(t, x) ∂x 2 + u(t, x) 1 − u 2 (t, x) , arises after carrying out a suitable normalization in the study of thermal convection of a fluid heated from below. Considering the perturbation from a stationary state, the equation describes the evolution of the amplitude of the vertical velocity, if this varies slowly. The Zeldovich equation 13, 14 ,
has many applications in combustion theory. The unknown u represents temperature, while the last term on the right-hand side corresponds to the generation of heat by combustion.
The FitzHugh-Nagumo equation or the bistable equation 15, 16 , ∂u(t, x) ∂t = ∂ 2 u(t, x) ∂x 2 + u(t, x) [u(t, x) − α] , 0 < α < 1, models the transmission of electrical pulses in a nerve axon.
All of the above equations, and many more besides, are specific examples of equations of the general class of reaction-convection-diffusion equations 1, 4 ,
where the function D(u) plays the role of the diffusion coefficient, B(u) may be viewed as a nonlinear convective flux function, and Q(u) is the reaction function, respectively.
A class of non-linear second order partial differential equations, which embodies a number of well known reaction-convection-diffusion equations, is given by There is a very large literature on the travelling wave solutions in general non-linear reaction-convection-diffusion equations, and on their scientific applications. Wave solutions, which correspond to moving bands of the concentration of the chemical constituents do exist in the system of equations describing the Belousov-Zhabotinskii reaction 17 . By using parameter values obtained from experimental studies, a numerical analysis has been performed to study the chemical travelling wave solutions, and different relevant properties of the solutions have also been obtained. A semi-inverse method, which allows to obtain exact static solutions of one-component, one-dimensional reaction-diffusion equations with variable diffusion function D, and which requires at most qualitative information on its spatial dependence, was introduced in 18 . By using a simple ansatz, the reaction-diffusion equations can be mapped onto the stationary Schrödinger equations, with the general form of the potential undetermined. 
where f i (x), i = 0, 1, 2, 3, are arbitrary real functions of x, defined on a real interval I ⊆ ℜ,
A direct method to obtain travelling-wave solutions of some nonlinear partial differential By using some standard integrability conditions of the Abel equation, we obtain several classes of exact travelling wave solutions of the general reaction-convection-diffusion Eq. (2).
More exactly, the first class of solutions is obtained by using the integrability condition of Chiellini 29, 40 , which can be formulated as a differential condition relating the diffusion, convection and reaction functions. The use of this condition allows us to obtain exact travelling wave solutions to some reaction-convection-diffusion equations, representing a generalization of the diffusion and Fisher-Kolmogorov equations, for some specific forms of the functions D(u), Q(u) and B(u). More exactly, we consider the cases for which 
A. Reduction to the Abel equation
By introducing a phase variable ξ = x − V f t, where V f = constant ≥ 0 is a constant wave velocity, Eq. (2) takes the form of a second order non-linear differential equation of the form
where
The second order non-linear differential Eq. (4) must be considered together with the initial conditions u(0) = u 0 and (du/dξ)| ξ=0 = u ′ 0 , respectively. By means of the transformations
Eq. (4) can be transformed to the general form of the first order first kind Abel equation,
Eq. (6) 
where we have denoted
and
respectively. Eq. (7) must be solved with the initial condition
B. The Chiellini integrability condition for general reaction-convection-diffusion systems An exact integrability condition for the Abel equation Eq. (7) was obtained by Chiellini
40
(see also 29 and 37 ), and can be formulated as the Chiellini Lemma as follows:
Chiellini Lemma. If the coefficients f (u) and g(u) of a first kind Abel type differential equation of the form given by Eq. (7) satisfy the condition
where k = constant = 0, then the first kind Abel Eq. (7) can be exactly integrated.
In order to prove the Chiellini Lemma, we introduce a new dependent variable θ, defined
Then Eq. (7) can be written as
On the other hand, the condition given by Eq. (8) can be written in an equivalent form as
Therefore Eq. (10) becomes
which is a first order separable differential equation, with the general solution given by
With the use of the condition (8), the left hand side of Eq. (13) can be written as
where C 0 is an arbitrary constant of integration. Therefore the general solution of Eq. (12) is obtained as
where C −1 = exp (−kC 0 ) is an arbitrary constant of integration, and
respectively. Eq. (15) determines θ as a function of u.
The Chiellini integrability Theorem for the general reaction-convection-diffusion Eq. (2) is given as follows. 
or
where C 1 , C 2 , and k are arbitrary constants, then the reaction -convection -diffusion Eq. (2) admits exact travelling wave solutions u(ξ), with ξ = x − V f t, given in a parametric form, with θ taken as a parameter, by
where u(θ) is obtained as a solution of the equation
and with the functions F (θ, k) given by Eqs. (16) .
Proof of Theorem 1. As applied to the Abel Eq. (7), describing the travelling wave solutions of the general reaction-convection-diffusion Eq. (2), the Chiellini lemma states that if the coefficients of the equation satisfy the condition
Eq. (7) is exactly integrable. By integrating Eq. (21) we obtain immediately Eq. (17), representing a first integrability condition for obtaining travelling wave solutions of Eq. (2).
Alternatively, by introducing the notation Y (u) = V f + B(u), we can write the integrability condition Eq. (21) in the equivalent form
By dividing the above equation by Y 3 (u), and denoting Z(u)Y 2 (u) = 1, we obtain for Z(u) the first order linear equation
with the general solution given by
where C 2 is an arbitrary constant of integration, which gives immediately the second integrability condition (18) for the general reaction-convection-diffusion Eq. (2).
From Eqs. (5) and (9) we obtain the relation
From Eq. (12) we obtain
.
By integrating the above equation we obtain the parametric dependence of ξ on θ as given by Eq. (19) . From Eq. (15) we obtain the parametric dependence of u as a function of the parameter θ, as given in Eq. (20) . This concludes the proof of Theorem 1. 
The integrability condition given by Eq. (21) fixes the constant k as
Then from Eqs. (20) of Theorem 1 we obtain the function u(θ) as
The parametric dependence of ξ is obtained with the help of Eq. (19) , which gives
Hence we obtain
The solution given by Eq. (24) covers both cases (
with the use of the identity tanh(ix) = i tan(x), the solutions can be expressed in terms of trigonometric functions. For
After substituting the expressions of θ(ξ) given by Eqs. (24) and (25) into Eqs. (28) and (23) we obtain the general solution of Eq. (22) as
where C and ξ 0 are the arbitrary constants of integration to be determined from the initial conditions.
Note that the general solution of Eq. (22), as given by Eqs. (26) and (27) can be obtained directly from the initial Eq. (22), which is a linear second order homogeneous differential equation, and whose solution is immediate.
D. Travelling wave solutions for
As a second example of application of Theorem 1 we consider that the diffusion, convection and the reaction functions are given by
The travelling wave equation for the reaction-convection-diffusion system with these forms of D, B and Q is given by
Eq. (28) represents the travelling wave form for a generalized Fisher equation given by
Since the functions D(u), B(u) and Q(u) satisfy the integrability condition given by Eq. (21), with
the general solution of Eq. (28) can be obtained in an exact parametric form.
The case k = 1/4
We consider first the case k = 1/4. Then the general solution of Eq. (28) is given in parametric form as
where C is an arbitrary constant of integration.
For k = 1/4, we obtain
where the constant k is determined by the model parameters V f , D 0 , B 0 and ρ, respectively.
E. Travelling wave solutions of the reaction-convection-diffusion equation with power law diffusion and reaction functions
Exact travelling wave solutions of more general reaction-convection-diffusion equations of the form
corresponding to
are given, in a parametric form, by the following equations,
and 
In the following we assume again that the diffusion function D(u) and the reaction function Q(u) have the forms given by Eq. (30) . Next, we determine the most general convection function B(u) that leads to exact travelling wave solutions of Eq. (2) for these choices of the diffusion and reaction functions.
From the Chiellini lemma it follows that in order for the corresponding Abel equation be exactly integrable, the convection function must satisfy the differential condition, which immediately follows from Eq. (21),
a condition which reduces to a first order differential equation for B(u),
where B 0 is an arbitrary constant of integration.
The general reaction-convection-diffusion equation takes the form
and it has exact travelling wave solutions, given in a parametric form as
III. EXACT TRAVELLING WAVE SOLUTIONS OBTAINED FROM THE LEMKE INTEGRABILITY CONDITION OF THE ABEL EQUATION
In the present Section we consider an alternative method to obtain exact solutions of 
the Abel Eq. (7) takes the form
Eq. (34) must be integrated with the initial condition w (τ 0 ) = w 0 , where τ 0 = f (u)du u=u 0 .
Next we introduce the function η(τ ) defined as
In terms of η, Eq. (34) becomes
By taking into account the mathematical identity
Eq. (36) takes the form
Eq. (38) must be integrated with the initial conditions τ (η 0 ) = τ 0 and (dτ /dη)| η=η 0 = τ ′ 0 , respectively.
B. The Lemke integrability condition of the general reaction-convection-diffusion equation
The Lemke integrability condition for the general reaction-diffusion-convection Eq. (2) can be formulated as the following 
where ξ 0 (η 0 ) is an arbitrary constant of integration. If the solution of Eq. (38) is obtained in a parametric form, with the parameter θ, then the general travelling wave solution of the reaction-convection-diffusion Eq. (2) is obtained as
Proof. Assume that a solution η = η(τ ) of Eq. (38) is known. The Lemke transformation
Eq. (33) takes the form
In view of Eqs. (5,II A,35), then we obtain the relations
leading to the result
which by integration gives the second of Eqs. (39) . Now assume that the general solution of Eq. (38) is known in a parametric form, so that we get
Therefore we obtain first
which by integration gives Eq. (41). This concludes the proof of Theorem 2.
Depending on the functional form of the product of the diffusion and reaction functions D(c) and Q(c), Eq. (38) can be integrated exactly in a number of cases, thus leading, with the help of Theorem 2, to exact travelling wave solutions of the general reaction-convectiondiffusion Eq. (2), which we present in the following.
C. Travelling wave solutions for D(u(τ ))Q(u(τ )) = constant, B(u(τ )) = constant
In the case the product of the diffusion and reaction functions D(u(τ ))Q(u(τ )) is a constant α,
and the convection function B(u(τ )) is a constant,
Eq. (38) takes the form
where β = α/ (V f + B 0 ) = constant, and it has the general solution
where C 1 and C 2 are arbitrary constants of integration. Since f (u) = V f + B(u) = V f + B 0 , from Eq. (33) it follows that
For w we obtain
Eq. (51) identically satisfies Eq. (7), and therefore we can take the arbitrary integration constant C 1 as zero, C 1 = 0. Using the transformations
and with the help of Eq. (51), we obtain the following expressions for u and ξ, giving, the general solution of the general reaction-convection-diffusion Eq. (2), with the coefficients D(u) and Q(u) satisfying the condition (49), and B(u) = constant, as,
where ξ 0 (η 0 ) is an arbitrary constant of integration, and we have taken η as a parameter. Eqs. (52) and (53) give the general solution of the travelling wave form of the general reaction-convection-diffusion Eq. (4), with diffusion, convection and reaction functions satisfying the conditions (49) and (50). In order to determine the integration constants η 0 and C 2 , we use the initial conditions that give
where, with the use of Eq. (53), we have dη/dξ = 1/dξ/dη = − (V f + B 0 ) η/D(η), giving
D. Travelling wave solutions with a linear dependence of D(u(τ ))Q(u(τ )) and constant B(u(τ ))
Next, in order to obtain another exact general solution of Eq. (38), we assume that the diffusion function D (u(τ )), the reaction function Q (u(τ )) and the convection function B(u(τ )) satisfy the conditions
where α, β and B 0 are arbitrary constants. By inserting Eq. (55) into Eq. (38), the latter equation becomes
Eq. (56) can be integrated to yield
where c 1 and c 2 are the arbitrary constants of integration, and
The function w(η) is given by
The function v (η) is obtained as
Therefore the general solution of a reaction-convection-diffusion equation with coefficients D(u), B(u) and Q(u) satisfying the conditions (55) is given, in a parametric form,
where ξ 0 (η 0 ) is an arbitrary constant of integration, and we have taken η as a parameter.
The numerical values of the integration constants c 1 and c 2 are determined from the initial conditions as
, and
respectively, where u 0 = u (η 0 ) and u ′ 0 (η 0 ) = (du/dη)| η=η 0 . By taking into account the relation
As for the initial value η 0 of the parameter η, it can be determined from the condition given by Eq. (55), once the explicit functional forms of the functions D (u(τ )) and Q (u(τ )) are known.
If the arbitrary constant α vanishes, then we obtain the condition D(u(τ ))Q(u(τ )) = βτ , given by Eq. (21), and thus we regain the solution obtained in the previous Section by using the Chiellini lemma.
E. Travelling wave solutions with
If the diffusion, convection and reaction functions D(u(τ )), Q(u(τ )), B(u(τ )) satisfy the relations
where K is an arbitrary constant, Eq. (38) takes the form of an Emden-Fowler equation 42 ,
The general solution of Eq. (58) can be obtained in parametric form, with θ taken as parameter, as 42 ,
where k 1 and k 2 are arbitrary constants of integration, and erf(z) = (2/ √ π) 57) is obtained in a parametric form as
F. Travelling waves solutions with a power law dependence of D(u(τ ))Q(u(τ )) and constant B(u)
If D(u(τ )), Q(u(τ )) and B(u(τ )) satisfy the relations
where m and A are arbitrary constants, and B(u(τ )) = B 0 = constant, then the basic equation determining the travelling wave solutions of the corresponding general reactionconvection-diffusion equation is
Eq. (60) has the exact parametric solution given by
and l 1 and l 2 are the arbitrary constants of integration and b is an arbitrary constant. Then the general solution of the corresponding reaction-convection-diffusion equation is obtained in a parametric form as
where ξ 0± are the arbitrary constants of integration and 2
is the hypergeometric function.
IV. NUMERICAL ANALYSIS OF THE REACTION-CONVECTION-DIFFUSION EQUATIONS WITH ARBITRARY POWER LAW DEPENDENCIES OF THE DIFFUSION AND REACTION FUNCTIONS
In the present Section we present a numerical analysis of two of the exact travelling wave solutions of the reaction-convection-diffusion equations obtained in the previous Sections.
We will restrict our analysis to the case of the two generalized reaction-convection-diffusion equations with power law forms of the diffusion and reaction functions, which may have a number of important applications in chemistry, genetics and biology.
A. The reaction-convection-diffusion equation with power law diffusion and reaction functions
We will investigate first the properties of the travelling wave solutions in the reactionconvection-diffusion equation with power law diffusion and reaction functions, given by
where u max , α, D 0 , B 0 and ρ are constants, and whose travelling wave solutions are given by Eqs. (31) and (32), respectively.
In order to simplify Eq. (62) we introduce a set of dimensionless variables (T, X, U),
respectively. We also denote λ = ρD 0 /B 2 0 . In the new variables Eq. (62) takes the form
We look for solutions of Eq. (63) of the form U(X, T ) = U (X − V T ) = U(ξ), where V is a dimensionless constant. Then Eq. (63) takes the form
The successive transformations σ = dU/dξ, σ = 1/v, v = (1 − U) −α w reduce Eq. (64) to the first order first kind Abel equation,
which, according to the Chiellini lemma, can be exactly integrated. By introducing a new variable θ so that w = V +1 λU θ, then Eq. (65) becomes
Therefore Eq. (64) has the general solution
where C 0 and ξ 0 (θ 0 , k) are the arbitrary integration constants.
We consider Eq. (64) with the initial conditions U(0) = U 0 and (dU/dξ)| ξ=0 = U ′ 0 , respectively. We assume that for θ = θ 0 , ξ (θ 0 , k) = ξ 0 (θ 0 , k) = 0. Then the integration constant C 0 can be obtained as C 0 = e F (θ 0 ,k) /U 0 . Then by using the relations
we obtain the initial value of the parameter θ 0 as
In the following we will study the properties of the solution given by Eqs. (66) and (67) for different values of k.
The case k=1/4
In the case k = 1/4, or, equivalently, V = 2 √ λ − 1, the general solution of Eq. (64) is obtained as
The parametric dependence of ξ can be obtained in an exact form for a number of values of α. Thus, for example,
In the limit of small θ, so that 2θ << 1 and eθ/C 0 << 1, the general solution of Eq. (64) for k = 1/4 can be approximated as 
Therefore, in the limit of the large values of the parameter θ, U tends to a constant value.
The variation of U as a function of ξ is represented, for different values of α, in Fig. 1 .
In order to compare our results with previously obtained travelling wave solutions in 
The variation of U as a function of ξ is represented, for a fixed α, and for different values of k, in Fig. 2 . In Fig. 2 we have also presented the solution of the Fisher-Kolmogorov equation Eq. (1), corresponding to the same initial conditions.
In the limit of the large values of the parameter θ, U tends to constant values given by 
respectively.
B. The reaction-convection-diffusion equation with power law reaction function
We consider now a mathematical model in which the diffusion and reaction functions given by
We call Eq. (68) the reaction-convection-diffusion equation with power law reaction function. By introducing the set of dimensionless variables (T, X, U), defined as
respectively, Eq. (68) takes the form
We look for travelling wave solutions of Eq. (69), so that U(X, T ) = U(ξ) = U(X − V T ).
Therefore Eq. (69) becomes
At this moment we rescale the parameter ξ, so that ξ → ξ V +1
. Moreover, we fix λ to the value λ = (V + 1)
2 . Therefore Eq. (70) becomes
Using the substitution v = dξ/dU, thus we write Eq. (71) as an Abel equation in the form
Finally, by taking v = −(1/w)(dw/dU), it follows that U can be obtained as a solution of the second order differential equation
The general solution of Eq. (72) is given, in a parametric form, by , and l 1 and l 2 are the arbitrary constants of integration. The parametric dependence of ξ is obtained as 
V. DISCUSSIONS AND FINAL REMARKS
In the present paper we have investigated the travelling wave solutions of a general class of reaction-convection-diffusion systems, with the diffusion, convection and reaction functions given as functions of the concentration u of the diffusing-convecting-reacting component. Most of the mathematical studies of the reaction-convection-diffusion equations have been done by using either qualitative methods, or asymptotic evaluations. The usual way to study nonlinear reaction-diffusion equations similar to Eq. (4) consists of the analysis of the behavior of the system on a phase plane (du/dξ, u), useful for qualitative analysis, however insufficient for finding any exact solution, or testing a numerical one. Finding exact analytical solutions of the complex reaction-convection-diffusion models can considerably simplify the process of comparison of the theoretical predictions with the experimental data, without the need of using complicated numerical procedures.
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